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A CLASSIFICATION OF PERMUTATION POLYNOMIALS OF DEGREE 7
OVER FINITE FIELDS
XIANG FAN
Abstract. Up to linear transformations, we give a classification of all permutation polyno-
mials of degree 7 over Fq for any odd prime power q, with the help of the SageMath software.
1. Introduction
Let Fq denote the finite field of order q = p
r and characteristic p, with the multiplicative group
F∗q = Fq\{0}. Reserve the letter x for the indeterminate of the polynomial ring Fq[x] in one
variable with coefficients in Fq. Each mapping of Fq into itself can be expressed by a polynomial
in Fq[x]. By a permutation polynomial (PP) over Fq, we mean a polynomial f ∈ Fq[x] with the
associated mapping a 7→ f(a) permuting Fq.
Arose in Hermite [6] and Dickson [2], the theory of PPs over have been a hot topic of study for
more than one hundred years. However, the basic problem of classification or characterization
of PPs of prescribed forms are still challenging.
In Dickson’s thesis work [2], a complete list of normalized PPs of degree d over Fq was given for
d 6 5 with any q, and for d = 6 with q coprime to 6. Dickson [2] also classified all PPs of degree
6 over F3r up to linear transformations. (See also Shallue and Wanless [10] for a reconfirmation
of the completeness of Dickson’s classification.) Recently, the classification of all PPs of degree
6 and 7 over F2t was obtained by Li, Chandler and Xiang [7]. The present paper contributes to
this line by classifying all PPs of degree 7 over Fq with any odd q, up to linear transformations.
Our approach relies heavily on some well-established results about exceptional polynomials.
Here an exceptional polynomial over Fq stands for a polynomial in Fq[x] which is a PP over Fqm
for infinitely many m. A notable pattern in Dickson’s classification is that PPs of a given degree
are indeed exceptional polynomials except a few “accidents” for small q. This pattern is intrinsic
and true for any degree, by the following result of von zur Gathen [5, Theorem 1] :
Lemma 1. A non-exceptional PP of degree n over Fq exists only if q 6 n
4.
Recently, Chahal and Ghorpade [1, Remark 3.4] replaced n4 in Lemma 1 to(
(n− 2)(n− 3) +
√
(n− 2)2(n− 3)2 + 2(n2 − 1)
2
)2
which is less than n2(n− 2)2. Moreover, our preprint [3] further refined this bound as follows.
Lemma 2. A non-exceptional PP of degree n over Fq exists only if
q + 1 6 (n− 2)(n− 3)⌊2
√
q⌋
2
+ 2(n− 1),
1
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and in particular q 6

(
(n− 2)(n− 3) +
√
(n− 2)2(n− 3)2 + 8n− 12
2
)2. As a corollary, a
non-exceptional PP of degree 7 over Fq exists only if q 6 409.
Up to linear transformations, all exceptional polynomials of degree 7 over Fq are classified by
the following results of Mu¨ller [9], and Fried, Guralnick, Saxl [4]. Let us say that two polynomials
f and g in Fq[x] are related by linear transformations, or linearly related for short, if there exists
s, t ∈ F∗q and u, v ∈ Fq such that g(x) = sf(tx + u) + v. The linearly related f and g share the
same degree, and f is a PP (resp. exceptional polynomial) over Fq if and only if so is g.
Lemma 3. [9, Theorem 4] Every exceptional polynomial f of degree n over Fq with gcd(q, n) = 1
is a composition of Dickson polynomials and linear polynomials. In particular, when n = 7, f is
linearly related to
D7(x, a) := x
7 − 7ax5 + 14a2x3 − 7a3x
with either a = 0 and q 6≡ 1 (mod 7), or a ∈ F∗q and q2 6≡ 1 (mod 7).
Lemma 4. [4, Theorem 8.1] For a prime p, each exceptional polynomial f of degree p over Fpr
is linearly related toa polynomial x(x
p−1
s −a)s with s | (p−1) and a ∈ Fpr such that a
s(pr−1)
p−1 6= 1.
In particular, when p = 7, f is linearly related to x7 or to x(x
6
s − a)s with s ∈ {1, 2, 3} and
a ∈ F∗7r such that a
s(7r−1)
6 6= 1.
Therefore, to complete the list of PPs of degree 7, we only need to consider the non-exceptional
PPs over Fq with 8 6 q 6 409. In principle this can be exhausted by running a computer
program. Section 4 will realize this by SageMath [11], a free open-source mathematics software
system based on Python and many open-source packages. We omit the cases of q = 2r, which
are covered the following lemma quoted from [7].
Lemma 5. [7, Theorem 4.4] Let 3 6 r ∈ Z. A PP over F2r exists only if 3 ∤ r. When 3 ∤ r, every
exceptional polynomial over F2r is linearly related to x
7 or x7+x5+x. Let f be a non-exceptional
PP over F2r , then r = 4 and f is linearly related to one of the following:
x7 + x4 + x, x7 + x5 + x4, x7 + x5 + ax4 + a14x3 + a12x2 + a8x,
x7 + x5 + a7x4 + a5x2 + a3x, x7 + x5 + a5x4 + a2x3 + a12x2 + a5x,
with a running over the set {a ∈ F16 : a4 + a+ 1 = 0}.
Our main results in Section 4 can be stated as follows.
Theorem 6. If a non-exceptional PP f of degree 7 over Fq exists for q > 7, then
q ∈ {9, 11, 13, 17, 19, 23, 25, 27, 31, 49}.
Up to linear transformations, f is listed in Theorem 13, Proposition 14 and 16.
2. Assumptions by linear transformations
The following parts of this note aim to list all PPs of degree 7, up to linear transformations,
over Fq with an odd prime power q such that 7 < q 6 409. In this section, we will show that
each PP of degree 7 is linearly related to some f(x) = x7 +
∑5
i=1 aix
i with coefficients ai ∈ Fq
subject to certain assumptions in Proposition 10.
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Proposition 7. Let q be a prime power coprime to 7. Then every polynomial of degree 7 in
Fq[x] is linearly related to some f ∈ Fq[x] in normalized form, namely f(x) = x7 +
∑5
i=1 aix
i
with all ai ∈ Fq. Moreover, for any g(x) = x7 +
∑5
i=1 bix
i ∈ Fq[x] with all bi ∈ Fq, f and g are
linearly related if and only if f(x) = t7g(t−1x) for some t ∈ F∗q, or equivalently ai = bit7−i for
1 6 i 6 5.
Proof. Each polynomial h of degree 7 in Fq[x] can be written as h(x) =
∑7
i=1 cix
i, with all
ci ∈ Fq and c7 6= 0. Let f(x) = c−17 h(x − 7−1c6) − c−17 h(−7−1c6), then f is in normalized form
and linearly related to h.
Suppose f(x) = x7 +
∑5
i=1 aix
i and g(x) = x7 +
∑5
i=1 bix
i (with all ai, bi ∈ Fq) are linearly
related, namely g(x) = sf(tx+u)+v with s, t ∈ F∗q and u, v ∈ Fq. Clearly, st7 = 1 and 7st6u = 0,
considering the coeffcients of x7 and x6. So u = 0 and s = t−7. Then g(x) = t−7f(tx) + v, and
v = g(0) = 0. 
When 7 | q, the definition of normalized form only requires that f is monic and f(0) = 0.
However, we can choose f in a more reduced fashion as follows, up to linear transformations.
Proposition 8. Let r be a positive integer. Then every polynomial of degree 7 in F7r [x] is
linearly related to x7 or to some f ∈ F7r [x] of the form f(x) = x7 +
∑k
i=1 aix
i with 1 6 k 6 6,
all ai ∈ F7r , and ak 6= 0 = ak−1. Moreover, for any g(x) = x7 +
∑k′
i=1 bix
i ∈ F7r [x] with
1 6 k′ 6 6, all bi ∈ F7r and bk′ 6= 0 = bk′−1, f and g are linearly related if and only if
f(x) = t7g(t−1x) for some t ∈ F∗7r , or equivalently k = k′ and ai = bit7−i for 1 6 i 6 k.
Proof. Each polynomial h of degree 7 in F7r [x] can be written as h(x) =
∑7
i=0 cix
i, with all
ci ∈ F7r and c7 6= 0. If cj = 0 for all 1 6 j 6 6, then h(x) = c7x7 + c0 is linearly related to x7.
Otherwise, let k = max{j ∈ Z : cj 6= 0, 1 6 j 6 6}, then h(x) = c7x7 +
∑k
i=0 cix
i with ck 6= 0,
and we can pick f(x) = c−17 h(x− k−1c−1k ck−1)− c−17 h(−k−1c−1k ck−1) to meet the requirement.
For k, k′ ∈ {1, 2, . . . , 6}, suppose that f(x) = x7 +∑ki=1 aixi and g(x) = x7 +∑k′i=1 bixi are
linearly related, with all ai, bi ∈ F7r , ak 6= 0, bk′ 6= 0, and ak−1 = bk′−1 = 0. Let g(x) =
sf(tx+u)+ v with s, t ∈ F∗7r and u, v ∈ F7r . Clearly, s = t−7 by the coeffcients of x7. Moreover,
g(x) = x7+tk−7akx
k+ · · · = x7+bk′xk′+ · · · with nonzero ak and bk′ , so k = k′ and tk−7ak = bk.
If k = 1, then t−6a1 = b1. If k > 2, then skt
k−1u = 0 by the coefficients of xk−1, and thus u = 0.
Always we have g(x) = t−7f(tx). 
Lemma 9. [2, §65] Let p be a prime, and r, s be positive integers such that s | r. If f(x) is a
PP of degree ps over Fpr , then the coefficient of x
ps−1 in f is 0. In particular, the coefficient of
x6 is 0 in a PP of degree 7 over F7r .
Consider the group homomorphism θm : F
∗
q → F∗q defined by θm(t) = tm, for t ∈ F∗q and
m ∈ Z. Let CKq(m) be a complete set of coset representatives of its cokernel F∗q/θm(F∗q), and
let CIq(m) be a complete set of coset representatives of its coimage F
∗
q/ker(θm).
Proposition 10. Each PP of degree 7 over Fq is linearly related to x
7 or to some f(x) =
x7 +
∑k
i=1 aix
i with 1 6 k 6 5 and all ai ∈ Fq satisfying the following requirements:
• 0 6= ak ∈ CKq(7 − k) and ak−1 ∈ {0} ∪ CIq(7 − k);
• if 7 | q then ak−1 = 0;
• if k = 5 and a4 = 0, then a2 ∈ {0} ∪ CIq(2);
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• if k = 4 and a3 = 0, then a2 ∈ {0} ∪ CIq(3);
• if k = 3, a2 = 0 and q ≡ 1 (mod 4), then a1 ∈ {0} ∪ CIq(2).
Let e be a generator of the multiplicative group F∗q . For later use, we can take
CKq(m) = {ej : 0 6 j < gcd(m, q − 1)},
CIq(m) = {ej : 0 6 j < (q − 1)/gcd(m, q − 1)}.
Corollary 11. Let f be an exceptional polynomialof degree 7 over Fq with 7 ∤ q, and let e be a
generator of F∗q.
(1) If q ≡ 6 (mod 7), then f is linearly related to x7.
(2) If q 6≡ ±1 (mod 7), then f is linearly related to exactly one of: x7,
D7(x,−7−1) = x7 + x5 + 2 · 7−1x3 + 7−2x,
D7(x,−7−1e) = x7 + ex5 + 2 · 7−1e2x3 + 7−2e3x.
3. Equalities by Hermite’s criterion
Let N = {i ∈ Z : i > 0}. For i ∈ N and f ∈ Fq[x], let [xi : f ] denote the coefficient of xi in
f(x). Namely, f(x) =
∑deg(f)
i=0 [x
i : f ]xi, and [xj : f ] = 0 for any j > deg(f).
The following criterion for PPs, introduced by Hermite [6] for prime fields Fp and generalized
by Dickson [2], provides equalities for coefficients of PPs over Fq.
Lemma 12 (Hermite’s criterion [8, §7.6]). A polynomial f ∈ Fq[x] is a PP if and only if the
following two conditions hold:
(1)
∑deg(f)
j=1 [x
j(q−1) : f q−1] 6= 0;
(2) for every integer k coprime to q with 1 6 k 6 q − 2, ∑⌊ k deg(f)q−1 ⌋j=1 [xj(q−1) : fk] = 0.
For integers k1, k2, . . . , kt and k, recall the multinomial coefficient defined as(
k
k1, k2, . . . , kt
)
:=


k!
k1!k2! · · · kt! if all k1, . . . , kt > 0 and k1 + k2 + · · ·+ kt = k,
0 otherwise.
For f(x) = x7 +
∑5
i=1 aix
i with all ai ∈ Fq, note that
f(x)k =
∑
j1+···+j5+j7=k
(
k
j7, j1, j2, . . . , j5
)
(
5∏
i=1
ajii )x
j1+2j2+3j3+4j4+5j5+7j7 .
Consider (j1, . . . , j5, j7) ∈ N6 with
j1 + j2 + j3 + j4 + j5 + j7 = k,
j1 + 2j2 + 3j3 + 4j4 + 5j5 + 7j7 = j,
then 6j1 + 5j2 + 4j3 + 3j4 + 2j5 = 7k − j. To calculate the coefficients of [xj : fk], it suffices to
list all solutions (j1, . . . , j5, j7) ∈ N6 of the these linear equations.
The following part of this section will deduce two explicit equalities, by Hermite’s criterion,
for coefficients ai ∈ Fq of a normalized PP f(x) = x7+
∑5
i=1 aix
i over Fq of characteristic p 6= 2,
on a case by case basis for all odd prime powers q with 7 < q 6 409.
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3.1. Case q ≡ 2 (mod 7). Namely,
q = pr = 7k + 2 ∈ {23, 37, 79, 107, 149, 163, 191, 233, 317, 331, 359, 373, 401, 32, 112, 172},
with positive integers r and k = q−27 . For an integer t coprime to p, let t
−1 denote a multiplicative
inverse of t modulo p. Then
k ≡ −7−1 · 2 (mod p), k + 1 ≡ 7−1 · 5 (mod p), k + 2 ≡ 7−1 · 4 · 3 (mod p),
k − 1 ≡ −7−1 · 9 (mod p), k − 2 ≡ −7−1 · 16 (mod p), k − 3 ≡ −7−1 · 23 (mod p).
As deg(fk+1) = 7k+7 = q+5 < 2(q− 1), by Hermite’s criterion, [xq−1 : fk+1] = 0. Consider
(j1, . . . , j5, j7) ∈ N6 with j7 +
∑5
i=1 ji = k + 1 and 7j7 +
∑5
i=1 iji = q − 1 = 7k + 1. Then
6j1 + 5j2 + 4j3 + 3j4 + 2j5 = 6, and (j1, . . . , j5) is one of (1, 0, 0, 0, 0), (0, 0, 1, 0, 1), (0, 0, 0, 2, 0),
(0, 0, 0, 0, 3). Therefore,
0 = [xq−1 : fk+1] =
(
k + 1
k, 1
)
a1 +
(
k + 1
k − 1, 1, 1
)
a3a5 +
(
k + 1
k − 1, 2
)
a24 +
(
k + 1
k − 2, 3
)
a35
= (k + 1)(a1 + ka3a5 + 2
−1ka24 + 6
−1k(k − 1)a35).
As p 6= 5, a1 = 7−1(2a3a5 + a24 − 7−1 · 3a35) for any q in this case, including q = 32 with k = 1.
Suppose that q 6= 32. Then deg(fk+2) = 7k + 14 = q + 12 < 2(q − 1). By Hermite’s
criterion, [xq−1 : fk+2] = 0. Consider (j1, . . . , j5, j7) ∈ N6 with j7 +
∑5
i=1 ji = k + 2 and
7j7 +
∑5
i=1 iji = q − 1 = 7k + 1. Then 6j1 + 5j2 + 4j3 + 3j4 + 2j5 = 13, and
0 = [xq−1 : fk+2]
=
(
k + 2
k − 1, 1, 1, 1
)
(a1a2a5 + a1a3a4) +
(
k + 2
k − 1, 1, 2
)
(a2a
2
3 + a
2
2a4)+(
k + 2
k − 2, 1, 1, 2
)
(a2a
2
4a5 + a1a4a
2
5 + a2a3a
2
5 + a
2
3a4a5) +
(
k + 2
k − 2, 1, 3
)
a3a
3
4+(
k + 2
k − 3, 1, 1, 3
)
a3a4a
3
5 +
(
k + 2
k − 3, 3, 2
)
a34a
2
5 +
(
k + 2
k − 3, 1, 4
)
a2a
4
5 +
(
k + 2
k − 4, 1, 5
)
a4a
5
5
= (k + 2)(k + 1)k
(
a1a2a5 + a1a3a4 + 2
−1(a2a
2
3 + a
2
2a4)
+ (k − 1) · 2−1(a2a24a5 + a1a4a25 + a2a3a25 + a23a4a5 + 3−1a3a34)
+ (k − 1)(k − 2) · 6−1(a3a4a35 + 2−1a34a25 + 4−1a2a45 + (k − 3) · 20−1a4a55)
)
.
As p /∈ {2, 3, 5}, we have p ∤ (k + 2)(k + 1)k, and thus
3430(a1a2a5 + a1a3a4) + 1715(a2a
2
3 + a
2
2a4)− 2205(a2a24a5 + a1a4a25 + a2a3a25 + a23a4a5)
− 735a3a34 + 1680a3a4a35 + 840a34a25 + 420a2a45 − 276a4a55 = 0.
3.2. Case q ≡ 3 (mod 7). Namely,
q = 7k + 3 = pr ∈ {17, 31, 59, 73, 101, 157, 199, 227, 241, 269, 283, 311, 353, 367, 409},
with positive integers r and k = q−37 . Then
k ≡ −7−1 · 3 (mod p), k + 1 ≡ 7−1 · 4 (mod p), k + 2 ≡ 7−1 · 11 (mod p),
k − 1 ≡ −7−1 · 2 · 5 (mod p), k − 2 ≡ −7−1 · 17 (mod p), k − 3 ≡ −7−1 · 3 · 8 (mod p).
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As deg(fk+1) = 7k+7 = q+4 < 2(q− 1), by Hermite’s criterion, [xq−1 : fk+1] = 0. Consider
(j1, . . . , j5, j7) ∈ N6 with j7 +
∑5
i=1 ji = k + 1 and 7j7 +
∑5
i=1 iji = q − 1 = 7k + 2. Then
6j1 + 5j2 + 4j3 + 3j4 + 2j5 = 5, (j1, . . . , j5) = (0, 1, 0, 0, 0) or (0, 0, 0, 1, 1), and
0 = [xq−1 : f(x)k+1] =
(
k + 1
k, 1
)
a2 +
(
k + 1
k − 1, 1, 1
)
a4a5
= (k + 1)(a2 + ka4a5).
As p 6= 2, we have a2 = 7−1 · 3a4a5.
Note that deg(fk+2) = 7k+14 = q+11 < 2(q−1). By Hermite’s criterion, [xq−1 : f(x)k+2] =
0. Consider (j1, . . . , j5, j7) ∈ N6 with j7 +
∑5
i=1 ji = k + 2 and 7j7 +
∑5
i=1 iji = q − 1 = 7k + 2.
Then 6j1 + 5j2 + 4j3 + 3j4 + 2j5 = 12, and
0 = [xq−1 : f(x)k+2]
=
(
k + 2
k, 2
)
a21 +
(
k + 2
k − 1, 1, 1, 1
)
(a1a3a5 + a2a3a4) +
(
k + 2
k − 1, 1, 2
)
(a22a5 + a1a
2
4) +
(
k + 2
k − 1, 3
)
a33+(
k + 2
k − 2, 1, 1, 2
)
(a3a
2
4a5 + a2a4a
2
5) +
(
k + 2
k − 2, 2, 2
)
a23a
2
5 +
(
k + 2
k − 2, 1, 3
)
a1a
3
5 +
(
k + 2
k − 2, 4
)
a44+(
k + 2
k − 3, 2, 3
)
a24a
3
5 +
(
k + 2
k − 3, 1, 4
)
a3a
4
5 +
(
k + 2
k − 4, 6
)
a65
= (k + 2)(k + 1)
(
2−1a21 + k(a1a3a5 + a2a3a4 + 2
−1(a22a5 + a1a
2
4) + 6
−1a33+
(k − 1)(2−1(a3a24a5 + a2a4a25) + 4−1a23a25 + 6−1a1a35 + 24−1a44+
(k − 2)(12−1a24a35 + 24−1a3a45 + (k − 3)720−1a65)))
)
.
As p /∈ {2, 11}, we have p ∤ (k + 2)(k + 1), and thus
4802a21 − 4116(a1a3a5 + a2a3a4)− 2058(a22a5 + a1a24)− 686a33 + 2940(a3a24a5 + a2a4a25)
+ 1470a23a
2
5 + 980a1a
3
5 + 245a
4
4 − 1190a24a35 − 595a3a45 + 68a65 = 0.
3.3. Case q ≡ 4 (mod 7). Namely,
q = 7k + 4 = pr ∈ {11, 53, 67, 109, 137, 151, 179, 193, 263, 277, 347, 389, 34, 52, 192},
with positive integers r and k = q−47 . Then
k ≡ −7−1 · 4 (mod p), k + 1 ≡ 7−1 · 3 (mod p), k + 2 ≡ 7−1 · 2 · 5 (mod p),
k − 1 ≡ −7−1 · 11 (mod p), k − 2 ≡ −7−1 · 18 (mod p).
As deg(fk+1) = 7k+7 = q+3 < 2(q− 1), by Hermite’s criterion, [xq−1 : fk+1] = 0. Consider
(j1, . . . , j5, j7) ∈ N6 with j7 +
∑5
i=1 ji = k + 1 and 7j7 +
∑5
i=1 iji = q − 1 = 7k + 3. So
6j1 + 5j2 + 4j3 + 3j4 + 2j5 = 4, (j1, . . . , j5) = (0, 0, 1, 0, 0) or (0, 0, 0, 0, 2), and
0 = [xq−1 : f(x)k+1] =
(
k + 1
k, 1
)
a3 +
(
k + 1
k − 1, 2
)
a25
= (k + 1)(a3 + 2
−1ka25).
If p 6= 3 (i.e. q 6= 34 in this case), then a3 = 7−1 · 2a25 in Fq.
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Suppose q > 25. Then p /∈ {5, 11}. Note that deg(fk+2) = 7k + 14 = q + 10 < 2(q − 1). By
Hermite’s criterion, [xq−1 : f(x)k+2] = 0. Consider (j1, . . . , j5, j7) ∈ N6 with j7+
∑5
i=1 ji = k+2
and 7j7 +
∑5
i=1 iji = q − 1 = 7k + 3. Then 6j1 + 5j2 + 4j3 + 3j4 + 2j5 = 11, and
0 = [xq−1 : f(x)k+2]
=
(
k + 2
k, 1, 1
)
a1a2 +
(
k + 2
k − 1, 1, 1, 1
)
(a1a4a5 + a2a3a5) +
(
k + 2
k − 1, 1, 2
)
(a2a
2
4 + a
2
3a4)+(
k + 2
k − 2, 1, 3
)
(a2a
3
5 + a
3
4a5) +
(
k + 2
k − 2, 1, 1, 2
)
a3a4a
2
5 +
(
k + 2
k − 3, 1, 4
)
a4a
4
5
= (k + 2)(k + 1)
(
a1a2 + k(a1a4a5 + a2a3a5) + k · 2−1(a2a24 + a23a4)
+ k(k − 1) · 6−1(a2a35 + a34a5) + k(k − 1) · 2−1a3a4a25 + k(k − 1)(k − 2) · 24−1a4a45
)
.
If 34 6= q > 25, as p /∈ {2, 3, 5}, we have p ∤ (k + 2)(k + 1) and
1029a1a2 − 588(a1a4a5 + a2a3a5)− 294(a2a24 + a23a4)
+154(a2a
3
5 + a
3
4a5) + 462a3a4a
2
5−99a4a
4
5 = 0.
For q = 34 = 81 with k = 11, by Hermite’s criterion,
0 = [x80 : f13] = a2a
3
5 + a
3
4a5,
= [x80 : f14] = a95 + a
3
3a
2
4 − a2a3a34 − a1a44 − a43a5 + a21a35 − a1a33 − a32a4 + a31.
3.4. Case q ≡ 5 (mod 7). Namely,
q = 7k + 5 = pr ∈ {19, 47, 61, 89, 103, 131, 173, 229, 257, 271, 313, 383, 397, 35},
with positive integers r and k = q−57 . Then
k ≡ −7−1 · 5 (mod p), k + 1 ≡ 7−1 · 2 (mod p), k + 2 ≡ 7−1 · 9 (mod p),
k − 1 ≡ −7−1 · 12 (mod p), k − 2 ≡ −7−1 · 19 (mod p).
As deg(fk+1) = 7k+7 = q+2 < 2(q− 1), by Hermite’s criterion, [xq−1 : fk+1] = 0. Consider
(j1, . . . , j5, j7) ∈ N6 with j7 +
∑5
i=1 ji = k + 1 and 7j7 +
∑5
i=1 iji = q − 1 = 7k + 4. Then
6j1 + 5j2 + 4j3 + 3j4 + 2j5 = 3, (j1, . . . , j5) = (0, 0, 0, 1, 0). So 0 = [x
q−1 : f(x)k+1] = (k + 1)a4.
As p 6= 2, we have a4 = 0.
Note that deg(fk+2) = 7k+14 = q+9 < 2(q−1). By Hermite’s criterion, [xq−1 : f(x)k+2] = 0.
Consider (j1, j2, j3, j5, j7) ∈ N5 with j1+ j2+ j3+ j5+ j7 = k+2 and j1+2j2+3j3+5j5+7j7 =
q − 1 = 7k + 4. Then 6j1 + 5j2 + 4j3 + 2j5 = 10, and
0 = [xq−1 : f(x)k+2]
=
(
k + 2
k, 1, 1
)
a1a3 +
(
k + 2
k, 2
)
a22 +
(
k + 2
k − 1, 1, 2
)
(a1a
2
5 + a
2
3a5) +
(
k + 2
k − 2, 1, 3
)
a3a
3
5 +
(
k + 2
k − 3, 5
)
a55
= 2−1(k + 2)(k + 1)
(
2a1a3 + a
2
2 + k(a1a
2
5 + a
2
3a5) + 3
−1k(k − 1)a3a35 + 60−1k(k − 1)(k − 2)a55
)
.
If p 6= 3 (i.e. q = 35 in this case), then 686a1a3+343a22− 245(a1a25+a23a5)+140a3a35− 19a55 = 0.
For q = 35 = 243 with k = 34, by Hermite’s criterion,
0 = [x242 : f38] = −a3a105 − a1a95 = 0,
So a5(a1 + a3a5) = 0.
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3.5. Case q ≡ 6 (mod 7). Namely,
q = 7k + 6 = pr ∈ {13, 41, 83, 97, 139, 167, 181, 223, 251, 293, 307, 349, 33, 53},
with positive integers r and k = q−67 . Then
k ≡ −7−1 · 6 (mod p), k + 1 ≡ 7−1 (mod p), k + 2 ≡ 7−1 · 8 (mod p).
As deg(fk+1) = 7k+7 = q+1 < 2(q− 1), by Hermite’s criterion, [xq−1 : fk+1] = 0. Consider
(j1, . . . , j5, j7) ∈ N6 with j7 +
∑5
i=1 ji = k + 1 and 7j7 +
∑5
i=1 iji = q − 1 = 7k + 5. Then
6j1 + 5j2 + 4j3 + 3j4 + 2j5 = 2, and (j1, . . . , j5) = (0, 0, 0, 0, 1). So 0 = [x
q−1 : f(x)k+1] =
(k + 1)a5 = 7
−1a5, and thus a5 = 0.
Note that deg(fk+2) = 7k+14 = q+8 < 2(q−1). By Hermite’s criterion, [xq−1 : f(x)k+2] = 0.
Consider (j1, j2, j3, j4, j7) ∈ N5 with j7 +
∑4
i=1 ji = k + 2 and 7j7 +
∑4
i=1 iji = q − 1 = 7k + 5.
Then 6j1 + 5j2 + 4j3 + 3j4 = 9 and (j1, j2, j3, j4) = (1, 0, 0, 1), (0, 1, 1, 0), or (0, 0, 0, 3). So
0 = [xq−1 : f(x)k+2] =
(
k + 2
k, 1, 1
)
(a1a4 + a2a3) +
(
k + 2
k − 1, 3
)
a34
= (k + 2)(k + 1)
(
a1a4 + a2a3 + 6
−1ka34
)
.
As p 6= 2, we have 7a1a4 + 7a2a3 − a34 = 0 for all q in this case, including q = 33.
4. Non-exceptional PPs of degree 7
Wan [12] proved that if the value set {f(c) : c ∈ Fq} of a nonzero polynomial f ∈ Fq[x]
contains more than ⌊q− q−1deg(f)⌋ distinct values, then f is a PP over Fq. Therefore, we can define
the following SageMath function isPP(q, a5, a4, a3, a2, a1) to check whether x
7+
∑5
i=1 aix
i (with
all ai ∈ Fq) is a PP over Fq or not.
def isPP (q,a5 ,a4 ,a3 ,a2 ,a1):
E = []
for x in list (GF(q,’e’))[0:1+ int(q-(q -1)/7)]:
v = x^7+ a5*x^5+ a4*x^4+ a3*x^3+ a2*x^2+ a1*x
if v in E: return False
else : E.append(v)
return True
4.1. When p is not 2, 3, 7. By the assumptions from Section 2 and equalities in Section 3, we
can write the following SageMath function PP7(q) to list all PPs of degree 7 over Fq, up to
linear transformations, for any finite field Fq of characteristic p /∈ {2, 3, 7} with 7 < q 6 409.
def PP7(q):
F = GF(q,’e’); e = F.multiplicative_generator()
p = F.characteristic (); qmod7 = q%7; qmod3 = q%3; qmod4 = q%4
if qmod7 ==1: print("No PP for q = %d" % q); return
if p in [2 ,3]: print("Work  only  for p not 2 or 3"); return
if q >409: print("Work  only  for q <= 409"); return
if q>p: print("The minimal polynomial  of e is "+str(F.modulus ()))
CK = {2:[] ,3:[] ,4:[] ,5:[] ,6:[]}; CI = {2:[] ,3:[] ,4:[] ,5:[] ,6:[]}
for j in [2,3,4,5,6]:
for t in range(gcd(j,q -1)): CK[j]. append(e^t)
for t in range((q -1)/ gcd(j,q -1)): CI[j]. append(e^t)
for a5 in [a5 for a5 in [0,F(1),e] if qmod7!=6 or a5 ==0]:
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if qmod7 ==5: A4 = [0]
elif a5 !=0: A4 = [0]+ CI [2]
else : A4 = [0]+ CK [3]
for a4 in A4:
if qmod7 ==4: A3 = [F(7)^( -1)*2*a5 ^2]
elif a5 ==0:
if a4 !=0: A3 = [0]+ CI [3]
else : A3 = [0]+ CK[4]
else : A3 = F
if qmod7 ==3: A2 = [F(7)^( -1)*3*a4*a5]
elif a5 !=0==a4: A2 = [0]+ CI [2]
else : A2 = F
for a3 in A3:
if qmod7 ==2 and p!=5:
A1 = [F(7)^( -1)*(2* a3*a5 + a4^2 - F(7)^( -1)*3*a5 ^3)]
else : A1 = F
for (a2 ,a1) in [(a2 ,a1) for a2 in A2 for a1 in A1 \
if (a5==a4==a3 ==0)== False or (a2 ==0 and a1 in [0]+ CK [6])\
or (a2 in CK[5] and a1 in [0]+ CI [5])\
if (a5==a3 ==0!=a4)== False or (a2 in [0]+ CI [3])\
if (a5==a4==a2 ==0!=a3 and qmod4 ==1)== False
or (a1 in [0]+ CI [2])]:
if qmod7 ==2 and p!=5 and \
0!=3430*( a1*a2*a5+a1*a3*a4 )+1715*( a2*a3^2+ a2 ^2*a4)\
-2205*( a2*a4^2* a5+a1*a4*a5^2+ a2*a3*a5 ^2+ a3 ^2*a4*a5)\
-735*a3*a4 ^3+1680* a3*a4*a5 ^3+840* a4 ^3* a5^2\
+420*a2*a5 ^4 -276* a4*a5 ^5: continue
if qmod7 ==3 and p!=11 and 0!=4802* a1 ^2\
-4116*( a1*a3*a5+a2*a3*a4 ) -2058*( a2 ^2* a5+a1*a4 ^2)\
-686*a3 ^3+2940*( a3*a4 ^2* a5+a2*a4*a5 ^2)+1470* a3 ^2*a5 ^2\
+980*a1*a5 ^3+245* a4 ^4 -1190* a4 ^2*a5 ^3 -595* a3*a5 ^4\
+68* a5 ^6: continue
if qmod7 ==4 and p!=5 and 0!=1029* a1*a2\
-588*( a1*a4*a5+a2*a3*a5 ) -294*( a2*a4 ^2+ a3^2* a4)\
+154*( a2*a5 ^3+ a4 ^3*a5 )+462* a3*a4*a5 ^2 -99* a4*a5 ^4:
continue
if qmod7 ==5 and p!=3 and 0!=686* a1*a3 +343*a2 ^2\
-245*( a1*a5 ^2+ a3 ^2*a5 )+140* a3*a5 ^3 -19* a5^5: continue
if qmod7 ==6 and 0!=7*a1*a4+7* a2*a3 -a4 ^3: continue
if isPP (q,a5 ,a4 ,a3 ,a2 ,a1 ): print(a5 ,a4 ,a3 ,a2 ,a1)
We have run PP7(q) in SageMath for all prime powers q such that 7 < q 6 409 and
gcd(q, 42) = 1. Comparing its outputs with the exceptional polynomials given by Corollary
11, together with Lemma 2, we get the following theorem.
Theorem 13. Let f be a non-exceptional PP over Fq with q > 7 and gcd(q, 42) = 1. Then
q ∈ {11, 13, 17, 19, 23, 25, 31},
and f is linearly related to some x7 +
∑5
i=1 aix
i with (a5, a4, a3, a2, a1) ∈ F5q listed as follows.
For q = 11 : (0, 0, 0, 5, 0), (0, 0, 0, 8, 0), (0, 1, 0, 0, 4), (0, 1, 0, 8, 5), (0, 1, 0, 9, 5),
(1, 0, 5, 0, 2), (1, 0, 5, 0, 7), (1, 0, 5, 8, 6), (1, 1, 5, 2, 5), (1, 2, 5, 9, 8),
(1, 4, 5, 8, 0), (1, 8, 5, 8, 0), (1, 5, 5, 1, 5), (2, 0, 9, 0, 8), (2, 0, 9, 0, 9),
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(2, 0, 9, 4, 4), (2, 1, 9, 5, 3), (2, 2, 9, 5, 8), (2, 4, 9, 8, 3), (2, 8, 9, 5, 2),
(2, 8, 9, 7, 8), (2, 8, 9, 8, 1), (2, 5, 9, 5, 2), (2, 5, 9, 6, 1), (2, 5, 9, 8, 3).
For q = 13 : (0, 0, 0, 0, 2), (0, 0, 0, 0, 6), (0, 0, 2, 0, 8), (0, 0, 4, 0, 4), (0, 0, 8, 0, 3),
(0, 1, 0, 0, 2), (0, 1, 1, 10, 5), (0, 1, 2, 1, 0), (0, 1, 2, 3, 9), (0, 1, 8, 7, 11),
(0, 2, 1, 0, 8), (0, 4, 0, 0, 6), (0, 4, 1, 7, 1), (0, 4, 4, 3, 3).
For q = 17 : (0, 1, 10, 0, 16), (1, 0, 6, 0, 11), (1, 0, 7, 0, 0), (1, 0, 13, 0, 7), (1, 0, 13, 0, 14),
(1, 0, 14, 0, 3), (1, 3, 13, 11, 10), (1, 10, 3, 14, 11), (3, 0, 7, 0, 4), (3, 0, 10, 0, 14),
(3, 0, 12, 0, 0), (3, 0, 14, 0, 8), (3, 0, 15, 0, 2), (3, 9, 11, 14, 10), (3, 9, 12, 14, 5),
(3, 9, 15, 14, 12), (3, 15, 10, 12, 4).
For q = 19 : (0, 0, 0, 0, 16), (1, 0, 3, 14, 11), (1, 0, 5, 0, 4), (1, 0, 7, 0, 11), (1, 0, 11, 0, 16),
(1, 0, 18, 9, 4), (2, 0, 14, 0, 5), (2, 0, 16, 0, 9), (2, 0, 17, 0, 5).
For q = 23 : (1, 1, 0, 4, 9), (1, 5, 11, 5, 9), (1, 2, 6, 19, 21).
For q = 31 : (1, 0, 16, 0, 2), (1, 17, 25, 25, 29), (3, 1, 14, 19, 10).
For q = 25 : (0, 0, 0, 0, e), (0, 0, 0, 0, e5), (e, 0, e2, 0, 0),
where e is a root of x2 + 4x+ 2 in F52 , namely, e
2 = e+ 3 ∈ F52 .
4.2. When p = 3. Suppose 7 < q = 3r 6 409, i.e. r ∈ {2, 3, 4, 5} and q ∈ {9, 27, 81, 243}.
Recall the equalities obtained in Section 3 by Hermite’s criterion for coefficients ai ∈ Fq of a PP
f(x) = x7 +
∑5
i=1 aix
i over Fq.
For q = 32, a1 = 7
−1(2a3a5 + a
2
4 − 7−1 · 3a35).
For q = 33, 0 = a5 = 7a1a4 + 7a2a3 − a34.
For q = 34, 0 = a2a
3
5 + a
3
4a5 = a
9
5 + a
3
3a
2
4 − a2a3a34 − a1a44 − a43a5 + a21a35 − a1a33 − a32a4 + a31.
For q = 35, 0 = a4 = a5(a1 + a3a5).
Therefore, we can modify the SageMath codes of PP7 into PP7p3 to list all PPs of degree
7 over Fq up to linear transformations for q ∈ {32, 33, 34, 35}.
def PP7p3(q):
F = GF(q,’e’); e = F.multiplicative_generator(); qmod4 = q%4
print("The minimal  polynomial  of e is "+str(F.modulus ()))
CK = {2:[] ,3:[] ,4:[] ,5:[] ,6:[]}; CI = {2:[] ,3:[] ,4:[] ,5:[] ,6:[]}
for j in [2,3,4,5,6]:
for t in range(gcd(j,q -1)): CK[j]. append(e^t)
for t in range((q -1)/ gcd(j,q -1)): CI[j]. append(e^t)
for a5 in [a5 for a5 in [0,F(1),e] if q!=3^3 or a5 ==0]:
if q==3^5: A4 = [0]
elif a5 !=0: A4 = [0]+ CI [2]
else : A4 = [0]+ CK [3]
for a4 in A4:
if a5 ==0:
if a4 !=0: A3 = [0]+ CI [3]
else : A3 = [0]+ CK[4]
else : A3 = F
if a5 !=0==a4: A2 = [0]+ CI [2]
else : A2 = F
for a3 in A3:
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if q==3^2:
A1 = [F(7)^( -1)*(2* a3*a5 + a4^2 - F(7)^( -1)*3*a5 ^3)]
else : A1 = F
for (a2 ,a1) in [(a2 ,a1) for a2 in A2 for a1 in A1 \
if (a5==a4==a3 ==0)== False or (a2 ==0 and a1 in [0]+ CK [6])\
or (a2 in CK [5] and a1 in [0]+ CI [5])\
if (a5==a3 ==0!=a4)== False or (a2 in [0]+ CI [3])\
if (a5==a4==a2 ==0!=a3 and qmod4 ==1)== False\
or (a1 in [0]+ CI [2])]:
if q==3^3 and 0!=7*a1*a4 +7* a2*a3 -a4 ^3: continue
if q==3^4 and (0!= a2*a5 ^3+ a4 ^3*a5 or 0!=\
a5 ^9+a3 ^3* a4^2-a2*a3*a4^3-a1*a4^4-a3 ^4* a5+a1 ^2*a5 ^3\
-a1*a3^3-a2^3* a4+a1 ^3): continue
if q==3^5 and 0!= a5*(a1+a3*a5): continue
if isPP (q,a5 ,a4 ,a3 ,a2 ,a1 ): print(a5 ,a4 ,a3 ,a2 ,a1)
The outputs of PP7p3(q) for q ∈ {32, 33, 34, 35} and Corollary 11 gives the Proposition 14.
Proposition 14. (1) Let e be a root of x2+2x+2 in F9 (namely, e
2 = e+1). All non-exceptional
PPs over F9 are linearly related to some x
7 +
∑5
i=1 aix
i with (a5, a4, a3, a2, a1) ∈ F59 listed as
follows:
(0, 0, e2, 0, 0), (0, 1, e, 1, 1), (0, 1, e2, e, 1), (0, 1, e2, 2e, 1), (0, 1, e3, 1, 1),
(0, 1, 2, 2, 1), (0, 1, 2e2, e3, 1), (0, 1, 2e2, 2e3, 1), (1, 0, e, 0, 2e), (1, 0, e3, 0, 2e3),
(1, 0, 2e, 0, e), (1, 0, 2e3, 0, e3), (1, 0, 1, 0, 2), (1, e, e, 2e2, 1), (1, e, e, 1, 1),
(1, e, e2, 2, 0), (1, e, e2, 1, 0), (1, e, e3, e2, 2e), (1, e, e3, 2e2, 2e), (1, e, 1, e2, e),
(1, e, 1, 2, e), (1, e2, 0, e2, 2), (1, e2, e, 2, 2e2), (1, e2, e2, 1, e3), (1, e2, e3, 1, e2),
(1, e2, 2, e2, 0), (1, e2, 2e2, 2, e), (1, e3, e, e2, 2e3), (1, e3, e, 2e2, 2e3), (1, e3, e3, e2, 1),
(1, e3, e3, 1, 1), (1, e3, 2e2, 2, 0), (1, e3, 2e2, 1, 0), (1, e3, 1, 2, e3), (1, e3, 1, 2e2, e3),
(e, 0, 0, 0, 0), (e, 0, e, 1, 2e2), (e, 0, e, e2, 2e2), (e, 0, e2, 0, 2e3), (e, 0, 2e3, e, 2),
(e, 0, 2e3, e3, 2), (e, 1, 0, 2, 1), (e, 1, e2, 2e2, e), (e, 1, e3, e3, 2), (e, 1, e3, 2e3, 2),
(e, 1, 2, e, e2), (e, 1, 2, e+ 2, e2), (e, 1, 2e2, 2e2, 2e2), (e, e, 0, e3, e2), (e, e, e2, e, 2e),
(e, e, 2e, 2, 2e2), (e, e, 2e, 1, 2e2), (e, e, 2e2, e, 2), (e, e, 1, e2, 1), (e, e, 1, 2, 1),
(e, e2, e, e2, e3), (e, e2, e3, 2, 0), (e, e2, 2, 2e2, 2e3), (e, e2, 2e, e3, e), (e, e2, 2e, 2e, e),
(e, e3, e3, e2, 2e), (e, e3, e3, 2, 2e), (e, e3, 2e, 2e3, 0), (e, e3, 2e3, e, e3), (e, e3, 1, 2e, 2e3).
(2) All non-exceptional PPs over F27 are linearly related to x
7 − x3 + x.
(3) All PPs over F81 are exceptional.
4.3. When p = 7. Suppose 7 < q = 7r 6 409, i.e. r ∈ {2, 3} and q ∈ {49, 343}. By Proposition
8 and 10, each PP of degree 7 over F7r is linearly related to some f(x) = x
7 +
∑5
i=1 aix
i with
all ai ∈ F7r satisfying the following requirements:
• a5 ∈ {0, 1, e}, a4 ∈ {0, 1, e, e2}, a5a4 = a4a3 = 0;
• If a5 = a4 = 0 6= a3, then a3 ∈
{
{1, e, e2, e3} if q = 72,
{1, e} if q = 73, and a2 = 0.
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• If a5 = a4 = a3 = 0 6= a2, then a2 = 1 and a1 = 0.
• If a5 = a4 = a3 = a2 = 0, then a1 ∈ {0, 1, e, e2, e3, e4, e5}.
Proposition 15. Let f(x) = x7 + a5x
5 + a3x
3 + a2x
2 + a1x be a PP over F7r with r ∈ {2, 3}
and all ai ∈ F7r and a5 6= 0. Then a1 = 3(a3a5 + a23a−15 ).
Proof. By Hermite’s Criterion, we have
0 = [x48 : f10] = 3a3a
9
5 + 3a
2
3a
7
5 − a1a85, if r = 2,
0 = [x342 : f66] = −a3a585 − a23a565 − 2a1a575 , if r = 3,
so a1 = 3(a3a5 + a
2
3a
−1
5 ) in both cases. 
Therefore, for r ∈ {2, 3}, the following SageMath codes runs to list all the PPs over F7r up to
linear transformatons.
for q in [7^2 ,7^3]:
F=GF(q,’e’); e=F. multiplicative_generator()
print("For q = %s, e is a root  of" % (q)),; print(F.modulus ())
for a5 in [0,1,e]:
for a4 in [a4 for a4 in [0,1,e,e^2] if a4*a5 ==0]:
if a4 !=0: A3 =[0]
elif a5==0 and q==7^2: A3=[0,1,e,e^2,e^3]
elif a5==0 and q==7^3: A3=[0,1, e]
else : A3=F
for a3 in A3:
if a5==a4 ==0: A2=[a2 for a2 in [0,1] if a2*a3 ==0]
else : A2=F
for a2 in A2:
if a5 !=0: A1 =[3*(a3*a5+a3 ^2/ a5)]
elif a4==a3 ==0:
if a2 ==0: A1=[0,1,e,e^2,e^3,e^4,e^5]
else : A1 =[0]
else : A1=F
for a1 in A1:
if isPP (q,a5 ,a4 ,a3 ,a2 ,a1): print(a5 ,a4 ,a3 ,a2 ,a1)
It is easy to check which polynomials in the outputs are exceptional by Lemma 4. Then we
can reword the outputs as the following two propositions.
Proposition 16. Fix a root e of x2 + 6x + 3 in F72 . All non-exceptional PPs over F72 are
linearly related to
x7 + ex5 + e18x3 + e35x.
Each exceptional polynomial over F72 is linearly related to exactly one of the following:
• x7 + ax with a ∈ {0, e, e2, e3, e4, e5};
• x7 + x4 + 2x, x7 + e2x4 + 2e4x;
• x7 + ex5 + 5e2x3 + 6e3x.
Proposition 17. Fix a root e of x3 + 6x2 + 4 in F73 . Each PP over F73 is exceptional, and
linearly related to exactly one of the following polynomials:
• x7 + bx with b ∈ {0, 1, e, e2, e4, e5};
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• x7 + ex4 + 2e2x, x7 + e2x4 + 2e4x;
• x7 + ex5 + 5e2x3 + 6e3x.
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